We investigate the effects of discontinuous mass loss in recurrent outburst events on the long-term evolution of cataclysmic variables (CVs). Similarly we consider the effects of frictional angular momentum loss (FAML), i.e. interaction of the expanding nova envelope with the secondary. The Bondi-Hoyle accretion model is used to parameterize FAML in terms of the expansion velocity v exp of the nova envelope at the location of the secondary; we find that small v exp causes strong FAML.
INTRODUCTION
Cataclysmic variables (CVs) are short-period binary systems in which a Roche-lobe filling low-mass main-sequence secondary transfers mass to a white dwarf (WD) primary. The transferred matter accretes onto the WD either through a disc or a stream and slowly builds up a hydrogen-rich surface layer on the WD. With continuing accretion the pressure at the bottom of this layer increases, and hydrogen burning eventually starts. The thermodynamic conditions at ignition determine how the burning proceeds (e.g. Fujimoto 1982) . If the degeneracy is very high, a thermonuclear runaway occurs, leading to a violent outburst terminated by the ejection of all or most of the accumulated envelope. Classical novae are thought to be objects undergoing such an outburst (cf. Livio 1994 for a recent review). Ignition at moderate or weak degeneracy causes strong or weak H shell flashes, whereas stable or stationary hydrogen burning requires fairly high accretion rates > ∼ 10 −7 M⊙/yr which are not expected to occur in CVs.
Mass transfer in CVs is driven by orbital angular momentum losses which generally shrink the binary and maintain the semi-detached state. The observed properties of short-period CVs below the CV period gap (orbital period P < ∼ 2 h) are consistent with gravitational wave radiation as c 1998 RAS the only driving mechanism. A much stronger angular momentum loss, usually assumed to be magnetic stellar wind braking, is needed for systems above the gap (P > ∼ 3 h). The assumption that magnetic braking ceases to be effective once the secondary becomes fully convective in turn provides a natural explanation for the period gap as a period regime where the systems are detached and therefore unobservable (Spruit & Ritter 1983 , Rappaport et al. 1983 ). The resulting typical mass transfer rate X in CVs is X ≃ 5 × 10 −11 M⊙/yr below the gap and X ≃ 10 −9 − 10 −8 M⊙/yr above the gap (see e.g. King 1988 , Kolb 1996 , for reviews).
For negligible wind losses from the system the accretion rate is essentially the same as the transfer rate. With the above typical values the H ignition on the WD turns out to be degenerate enough to cause more or less violent outbursts (e.g. Prialnik & Kovetz 1995) . As the mass to be accumulated before ignition is very small (∆Mig ≃ 10 −6 −10 −3 M⊙) the outbursts recur on a time trec = ∆Mig/X much shorter than the mass transfer timescale which determines the longterm evolution. Studies of the secular evolution of CVs make use of this fact and replace a sequence of nova outbursts with given recurrence time trec and ejected envelope mass ∆Mej by a continuous isotropic wind loss from the WD at a constant rate ∆Mej/trec.
Such a procedure obviously neglects any effect that nova outbursts may have on the long-term evolution. These are in particular (i) The evolution of the system is not continuous but characterized by sudden changes of the orbital parameters, causing the mass transfer rate to fluctuate around the continuous wind average value (see Sect. 2). It is not a priori clear if the continuous wind average properly describes the system's evolution close to mass transfer instability.
(ii) At visual maximum (and the following decline) nova envelopes have pseudo-photospheric radii of typical giants, i.e. much larger than the orbital separation. Therefore the secondary is engulfed in this envelope and possibly interacting with it. Drag forces on the secondary moving within the envelope can lead to frictional angular momentum loss (FAML) from the orbit, and accretion of envelope material onto the secondary could increase its photospheric metal abundances (pollution). (iii) The H burning hot WD is extremely luminous (∼ 10 4 L⊙, compared with accretion luminosities ∼ 1L⊙) for as long as a few years. This might drive additional mass loss from the secondary star.
In this paper we will focus on the effects of mass loss discontinuities and FAML. We neglect irradiation as it does not last long enough to influence the long-term evolution. Pollution is expected to be important only for metal poor secondaries (Stehle 1993) ; we neglect it altogether.
In Sect. 2 we formally derive the continuous wind average and consider the stability of mass transfer in the presence of nova discontinuities analytically, with FAML of arbitrary strength. We review previous studies on FAML and follow Livio et al. (1991) to derive a simple quantitative model for FAML in Sect. 3. Using this description we perform numerical calculations of the long-term evolution of CVs with various strengths of FAML, both for sequences of nova outbursts and the continuous wind average. Results of such computations where the FAML strength and the ejected mass per outburst have been varied systematically are shown in Sect. 4. Sequences with FAML parameters taken from the consistent set of nova models by Prialnik & Kovetz (1995) are shown at the end of Sect. 4. Section 5 discusses our results.
MASS TRANSFER STABILITY AND CLASSICAL NOVAE
We begin by investigating how mass transfer discontinuities induced by nova outbursts affect mass transfer stability. Introducting the well-known conservative mass transfer stability criterion we develop a formalism to extend its applicability to the discontinuous case. The strength of FAML enters as a free parameter.
Conservative and continuous CV evolution
Following Ritter (1988) the mass transfer rate X in a CV can be approximated by
(note that X is always positive). Here bothṀ0 ≃ 10 −8 M⊙ yr −1 and the ratio ǫ = Hp/R2 ≃ Hp/RR ≃ 10 −4 of the photospheric pressure scale height Hp to the donor's radius R2 are roughly constant for the secondaries under consideration. The secondary's Roche radius RR can be written as a fraction f2 of the orbital distance a,
f2 depends only on the mass ratio q = M1/M2 and is for q > 1.25 given by f2(q) ≃ (8/81(1 + q)) 1/3 to better than 2% (Paczyński 1971) .
To assess how X changes with time and to find a stationary value for X (whereẊ = 0) we have to consider botḣ R2 andṘR. From the total orbital angular momentum J,
and the derivative β2 = d ln f2/d ln q (≃ −q/3(1 + q)) we find with (2) RR RR = (β2 − 2)Ṁ Figure 1 . Reaction of the secondary's Roche radius to mass transfer and mass loss, as a function of M 2 for fixed
Plotted is the mass-radius exponent for conservative mass transfer (ζ c R ; full line), isotropic wind with η = 0, ν = 1/q (ζ R from (8); long dashed), and isotropic wind with η = 0, ν = q (short dashed). Also shown is ζ F R for various values of K 1 (see Sect. 3.1).
thus defining the mass-radius exponent ζR of the secondary's Roche radius. In the simple case of conservative mass transfer where M = constant, i.e.Ṁ2 = −Ṁ1, we find from (4)
In the more general case of an isotropic wind loss at a ratė M = (1 − η)Ṁ2, i.e.Ṁ1 = −ηṀ2, we obtain
an expression especially useful when η and ν are constant. Figure 1 depicts ζ c R and ζR with η = 0 and either ν = 1/q or ν = q as a function of M2 for M1 = 1.2M⊙.
Similarly, it is standard practice to decompose the secondary's radius change into the adiabatic response ζ adṀ2 /M2 and the thermal relaxation K ≡ (∂ ln R2/∂t)M=const.,
Fig . 2 shows the adiabatic mass-radius exponent ζ ad as a function of stellar mass for low-mass ZAMS secondaries (Hjellming 1989) . Fully convective stars and stars with deep convective envelopes (M2 < ∼ 0.5M⊙) have ζ ad ≃ −1/3. Using these definitions the time derivative of X according to (1) becomeṡ
with Figure 2 . Reaction of the secondary's radius to mass loss as a function of stellar mass M 2 . Full line: adiabatic mass-radius index ζ ad ; dotted line: thermal mass-radius index ζe.
and
The binary attempts to settle at the stationary mass transfer rate
(Ẋ = 0 for X = Xs). The stationary rate is stable if ∂Ẋ/∂X < 0 at X = Xs, i.e. if the system opposes any instantaneous perturbation in X. This translates into B > 0, hence the familiar criterion
A similar stability criterion, ζe−ζR > 0, against thermal timescale mass transfer can be derived (see e.g. Ritter 1996) , where ζe is the thermal equilibrium mass-radius exponent (≃ 0.85 for low-mass main-sequence stars, see Fig. 2 ).
Non-stationary mass transfer
The differential equation (10) governs the evolution of the mass transfer rate as a function of time t. For constant A and B the solution of (10) is 1
where X0 ≡ X(t = 0) denotes the initial value of X. Hence any changes of the transfer rate proceed on the characteristic timescale tc = 1/A ∼ O(ǫtJ ), i.e. tc is a small fraction ǫ of the systemic angular momentum loss timescale tJ = −J/Jsys.
In reality both A and B change with time, typically on a the secular timescale tJ , but for most practical cases where we investigate mass transfer stability against short timescale perturbations A and B can be considered as constant.
Formally (15) is a solution of (10) even if A < 0 (i.e. |K| > 2Jsys/J ). In this case, assuming dynamical stability (B > 0), Xs is negative and no longer a stationary value for the mass transfer rate. Rather (15) shows that in this case X decreases exponentially, i.e. the system detaches (note that X0 is a physical mass transfer rate and as such always positive). If finally the mass transfer is unstable (B < 0) then we see from (10) that unless A has a large negative value the transfer rate grows. The growth timescale is initially tc, but becomes shorter and shorter with further increasing X.
Nova-induced discontinuities
So far we considered only continuous (though not necessarily stationary) mass transfer. Events that change orbital parameters on a timescale much shorter than the characteristic time ǫtJ ≃ 10 4 yr for reestablishing the local stationary value Xs may be regarded as discontinuous and instantaneous. Nova outbursts certainly belong to this category; the nova envelope expands beyond the orbit within less than a few 10 2 days after ignition and returns within 1 − 10 years (actually these are upper limits for the slowest novae). In the following we apply the above formalism separately to the outburst phase and the inter-outburst phase, then combine them to describe the full nova cycle.
Outburst phase
As a result of the outburst the envelope mass ∆Mej is ejected. We expect that the specific angular momentum carried away by ∆Mej is higher than the specific orbital angular momentum of the WD due to dynamical friction of the secondary orbiting within the envelope (FAML). Hence we write for the discontinuous change of the orbital angular momentum
where ν1 = M2/M1 accounts for the specific orbital angular momentum j = j1 of the WD (represented as a point mass). The free parameter νFAML measures the strength of FAML and will be estimated in terms of a simple model for the frictional processes in Sect. 3 below. Correspondingly, using (4) with ∆M = ∆M1 = −∆Mej and ∆M2 = 0 (i.e. neglecting the small amount of mass accreted onto the secondary as well as any mass transfer during this short phase), the change ∆RR = RR(post) − RR(pre) of the Roche radius is
Inter-outburst phase
After the outburst mass transfer continues. Once the mass accreted onto the WD exceeds the critical ignition mass ∆Mig > 0 the next outburst occurs. For simplicity we assume conservative mass transfer during the inter-outburst phase. According to (6) the total change of the Roche radius in the inter-outburst phase is
where ∆Jsys is the total change of the orbital a.m. due to systemic losses between outbursts.
Combined description
For the study of the long-term evolution of CVs it is convenient to replace the sequence of nova cycles with mass transfer discontinuities by a mean evolution where the mass ∆Mej is regarded as being lost continuously at a constant rate over the cycle in form of an isotropic stellar wind carrying the specific orbital angular momentum (ν1 + νFAML) J/M . If ζ F R denotes the corresponding Roche lobe index then we have from (6)
again with ∆M2 = −∆Mig because we neglect any change of M2 during outburst. As the total change of the Roche radius over a complete cycle is ∆RR(total) = ∆RR(out) + ∆RR(inter), comparison with (17) and (18) gives
This can be written as
Here 1 − η n = ∆M1/∆M2 = ∆Mej/∆Mig specifies the change of the WD mass during outburst in units of the mass lost from M2 during the inter-outburst phase. Equation (21) in fact is equivalent to (8) with η = η n and ν = ν1 + νFAML; η n determines if the WD mass will grow or shrink in the long-term evolution.
The generalization of (21) which allows for nonconservative mass transfer between outbursts and a change of M2 during outburst is given in the Appendix.
Stability of discontinuous mass transfer
As was shown in Sect. 2.1 mass transfer in the fictious mean evolution which mimics the effect of nova outbursts by a continuous wind loss is dynamically stable if
Clearly, in the case of discontinuous mass transfer with nova cycles the stability considerations leading to this criterion are no longer applicable, as the system never settles at a stationary transfer rate. After an outburst the transfer rate X follows the solution (15) and approaches the conservative stationary rate X c s = A/B c (where B c is B according to (12) with ζ c R ). At the next outburst X changes discontinuously from the pre-outburst value Xpre to the (new) post-outburst value Xpost, i.e. increases (or drops) by a factor
see Eqs. (1) and (17). In the following we consider mass transfer stability in the presence of nova cycles and derive a generalized stability criterion that reduces indeed to the simple form (22). In our approach we compare the mass transfer rate X i pre and X i+1 pre immediately before subsequent outbursts i and i+1 in a sequence of cycles with constant ∆Mig, ∆Mej, B c and A. Eq. (15) with X0 = X i post describes X as a function of time between outbursts. At time t = trec when the outburst i + 1 ignites, the mass transferred since the last outburst is just ∆Mig, i.e.
This can be solved for the outburst recurrence time trec (cycle time)
Inserting trec for t in (15) gives the new pre-outburst value X i+1 pre = X(trec),
where we used (23) 
(the subscripts for all X have been dropped as they all read "pre"). We will refer to F as the growth function. For F > 0 the mass transfer rate grows from outburst to outburst, for F < 0 it decreases, on a timescale trec/F. Formally, F = 0 for X =X, with
X represents the stationary pre-outburst mass transfer rate if it is positive, i.e. if A and B F have the same sign. For it to be stable we require ∂F/∂X i < 0 at X i =X so that the system evolves back toX after a perturbation increases/decreases X. This is the case if, and only if, A > 0. Then the stationary solution exists only if B F > 0, in all other cases the system either detaches, or the transfer rate grows unlimited. Figure 3 summarizes schematically the formal functional dependency of F on X i for various combinations of the signs of A and B F (see Table 1 ). Hence the generalized stability criterion for discontinuous novaamplified mass transfer is B F > 0, which is indeed equivalent to (22). Remarkably, this condition is independent of the sign of B c , i.e. the system can evolve in a stable manner with formally dynamically unstable conservative mass transfer between subsequent outbursts.
The analysis of the system's behaviour once it violates condition (22) is not straightforward. The main problem is (27), as a function of pre-outburst mass transfer rate X i (schematically). See Table 1 for a description of the different curves. Only the solid curve represents a stable stationary solutionX (marked by a filled diamond), all other cases lead to a runaway or a turn-off. that A is expected to change its sign (from positive to negative) at about the same time as B F . This can be seen from an estimate of the thermal relaxation term K if the real evolution is replaced by the continuous wind average: Stehle et al. (1996) have shown that the secular evolution rapidly converges to an attracting evolutionary path characterized bẏ
whatever the initial configuration of the system. Assuming stationarity, equating (29) with (6), and (9) with (6) gives after elimination ofṀ2/M2
as an estimate for A. Hence A > 0 during a phase of stable, stationary mass transfer, but A < 0 once ζ ad < ζ
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In practice this means that when a stable system, characterized by the full line in Fig. 3 , approaches instability, the curve becomes flatter and flatter withX almost constant, and then inverts to the (unstable) long-dashed line.
A SIMPLE MODEL FOR FAML
In the previous section we derived analytic expressions describing stationary mass transfer and mass transfer stability in the presence of nova cycles. A non-zero FAML effect was allowed, and the strength of FAML was treated as a free parameter νFAML. To proceed further and underline the above findings with numerical examples we quantify νFAML by adopting a model for the frictional processes leading to FAML.
MacDonald (1980) discussed for the first time the possibility that an interaction between the secondary and the extended envelope might tap energy from the orbit and thereby reduce the nova decay time. He determined the angular momentum transferred from the orbit to the envelope by describing the nova envelope as a polytrope with index 3 at rest, and restricting the combined nuclear, internal and frictional energy generation to the Eddington luminosity (MacDonald 1986). Shara et al. (1986) and Livio et al. (1991) used a more direct way, based on Bondi-Hoyle accretion, to estimate the transfer of angular momentum. Their approach (which we adopt below) offers a very simple analytic treatment, as the explicit expression for FAML has only one free parameter, the envelope expansion velocity vexp, measuring the strength of FAML. More recently, Kato & Hachisu (1994) have again confirmed their earlier result that FAML has only minor influence on the decay phase of nova outbursts. This can be understood in terms of the high expansion velocities in their models and will be discussed in Sect. 5. On the other hand, Lloyd et al. (1997) showed that common enevlope evolution can contribute to the shaping of the nova remnant. Livio et al. (1991) In Bondi-Hoyle accretion linear momentum is transferred through the drag force
FAML description according to
where v rel is the gas stream velocity at infinity, RA the accretion radius (see below) and ρ the density of the accreted medium. The dimensionless drag coefficient c drag varies with Mach number M and specific heat ratio γgas and is of order unity. Equation (31) is strictly valid for the highly supersonic case, but also applicable for M > ∼ 1 if an adequate interpolation for the accretion radius is used, e.g. (Shima et al. 1985) ; cS is the local sound speed. Detailed 3-dim. hydrodynamical calculations summarized in Ruffert (1995) Figure 4 . Sketch of the simplified geometry assumed to derive ν FAML . The WD (M 1 ) is at rest and orbited by the secondary (M 2 ) at distance a with velocity vsec. The envelope expands spherically symmetric from the WD, and has constant expansion velocity vexp at the location of the secondary.
accretor's size, even in the supersonic case. Most important, the drag coefficient can deviate significantly from unity. Kley et al. (1995) point out that radiation pressure may reduce c drag by a factor of ∼ 20 because it increases the sound speed and thus lowers M to the subsonic case.
Given these uncertainties, and the fact that idealized Bondi-Hoyle accretion is merely a rough approximation to the situation of a secondary orbiting in an expanding nova envelope, the quantitative expressions for FAML derived below are order of magnitude estimates only.
We now consider the FAML situation in a simplified geometry (Fig. 4) : the WD is at rest in the centre of a spherically symmetrical expanding nova envelope. Then the secondary's orbital velocity
(typically vsec ≃ 400 − 500 km/s) is perpendicular to the wind expanding with vexp. Hence the velocity of the accretion flow with respect to the secondary is
As M2/M⊙ ≃ R2/R⊙ the ratio of accretion radius (32) to stellar radius R2 is
(where v is the quadratic mean of vsec, vexp and cS), suggesting that RA < R2 for most cases. Setting c drag = 2 and RA = R2 we obtain for the loss of angular momentum due to friction from the tangential component of the drag force (31)
Using the continuity equation
to eliminate ρ, (33) and (2) then give
If most of the mass and angular momentum can be assumed to be lost at roughly constant rate and velocity (Livio et al. 1991) we finally obtain the total FAML, integrated over the outburst,
where
Comparison with (16) then shows that
i.e. the mean specific a.m. jej of the ejected material is
The functional dependence on K1 in Eq. (41), shown in Fig. 5 (top panel), leads to the unphysical limit −∆JFAML → ∞ for a very slow envelope expansion vexp → 0. This is mainly due to the neglect of the envelope spin-up which would effectively reduce the relative velocity (Livio et al. 1991) .
The secondary cannot spin the envelope up to speeds faster than corotation, so jej is certainly smaller than j1 + a 2 ω (where ω is the binary's angular velocity). If only a certain fraction of the envelope is spun-up to corotation this upper limit is correspondingly smaller, e.g.
if only the torus traced by the secondary's orbital motion corotates. Equation (43) specifies our model of FAML in terms of a single parameter, K1 (or vexp) and determines the value of ζ F R according to Eq. (21). We use (45) as a physical upper limit on the effect of FAML.
The effect of individual nova outbursts
To illustrate the effect of FAML in the parametrization (43) we consider the resulting relative change ∆x/x = (x(post)− x(pre))/x of a system parameter x as a result of the nova outburst. For the orbital distance we obtain, similar to (17),
10
which translates into
10 −4 (2 − 0.6 B(K1)) ∆Mej/10 −4 M⊙ m1 , for the orbital period P . The approximate expressions in (46) and (47) make use of the weak dependence on q; m1 is M1/M⊙. For a given ejection mass and white dwarf mass, B(K1) critically determines the magnitude of the orbital change. From (23) and (17) the change of the mass transfer rate X = −Ṁ2 is
where we used ǫ ≃ 10 −4 to obtain the last line. Depending on the strength of FAML and the mass ratio the changes in system parameters can be either positive or negative. The critical K1(q) where the amplitudes vanish are shown in Fig. 7 . The critical lines for P and X almost coincide and separate the two different outburst types, those which increase the mass transfer rate and decrease the orbital period, and those which decrease the transfer rate and increase the period.
The effect on the long-term continuous wind average
To consider the effect FAML has on the continuous wind average evolution we first note that FAML is a consequential angular momentum loss (CAML; cf. aṡ JFAML is proportional to the mass transfer rate, see (39) with ∆Mej = XFAMLtrec (where X denotes the continuous wind average mass transfer rate). As such FAML amplifies the transfer rate which would be driven by systemic angular momentum losses alone in the absence of FAML. An analytic estimate of this amplification factor, the ratio XFAML/X of the mass transfer rate with and without FAML, can be obtained if we assume that the system follows the corresponding uniform evolutionary track found by Stehle et al. (1996) also in the case with FAML. This is a reasonable assumption as long as the amplification is moderate and the resulting mass transfer timescale longer than the thermal time of the secondary. The radius reaction of the secondary along its track is given by (29). Hence usinġ RR/RR =Ṙ2/R2 and (6) we have
Here ζe ≃ 0.85 ≃ const. and ζR is from (8) with η = 0, ν = 1/q. We emphasize that the ratio XFAML/X does not depend on the mass ∆Mej ejected per outburst, rather only on K1 and the mass ratio q. Fig. 8 shows XFAML/X as function of 1/q for various values of K1. Obviously FAML amplification is always small for large q (small M2/M1). For a given K1 it increases with decreasing q and formally goes to infinity where the system approaches thermal instability (ζe = ζ F R ). The full line in Fig. 8 indicates the upper limit for XFAML/X if the specific angular momentum the ejected envelope can carry is limited by jej < ∼ j1 + (R2/a)a 2 ω (see Sect. 3.1).
NUMERICAL EXAMPLES
Here we apply the FAML description introduced in the previous section and test the analytical considerations of Sect. 2 and 3 explicitly with numerical sequences of the secular evolution of CVs.
The above FAML model contains K1, ∆Mig and ∆Mej as free parameters. Unfortunately both observations and theoretical models describing the outburst itself yield often contradicting and inconsistent estimates for these parameters. Therefore we restrict the following investigation to a simple parameter study to obtain a systematic picture of the effect of FAML with a given strength on the secular evolution. In particular we present calculations with constant ∆Mig (= ∆Mej) and K1, for various values of ∆Mig and K1. 
Computational technique
To model the binary evolution numerically we describe the secondary star by either full stellar models using Mazzitelli's stellar evolution code (e.g. Mazzitelli 1989 ), or by a simplified bipolytrope structure using the generalized bipolytrope code (Kolb & Ritter 1992 ). Both codes have been modified to include FAML and to resolve individual nova outbursts.
The bipolytrope code is about 4 orders of magnitude faster than the full code and allows one to compute the secular evolution for several Gyr with every single nova outburst fully resolved. Several sequences calculated with the full code serve as an independent check of the simplified description. Despite a careful calibration of the bipolytrope model to full stellar models, allowing a quantitative match of the results to usually better than 10%, there are wellknown limitations of the simplified description (see Kolb & Ritter 1992 ), e.g. the increasing deviation of ζ ad from the values of actual stars for M2 > ∼ 0.6 M⊙. But these effects are negligible for the purpose of this paper.
In all the examples shown below we compute magnetic braking according to Verbunt & Zwaan (1981) with the calibration parameter set to unity.
We have performed calculations with the following two modes:
(i) fully resolved: Mass transfer is conservative until the mass accreted on the WD exceeds the ignition mass. In the time step immediately thereafter the ejecta mass and the angular momentum (39) is removed from the system. Thus fully resolved evolutions are discontinuous and show repeating nova cycles.
(ii) continuous wind average: Mass loss from the system is continuous at a rate equal to the transfer rate, carry- ing the increased specific angular momentum according to (44); hence the secular evolution is continuous.
Detailed examples for individual outbursts
We generated short stretches of fully-resolved evolutionary sequences with full stellar models by switching into the fully resolved mode in the middle of a continuous wind average calculation for a typical CV above the period gap. The mode switch was made from a model well-established on the uniform evolutionary track characterized by (29) . Fig. 9 shows for the case of weak FAML with K1 = 0.5 a 'sawtooth' (or 'shark-fin') like modulation of the mass transfer rate over the orbital period (full line). The system evolves from right to left; the crosses mark intervals of 1000 yr. As expected from Fig. 7 the outburst results in a longer period and a lower mass transfer rate with this choice of parameters. In the case of strong FAML with K1 = 0.1 (Fig. 10) the outburst leads to a shorter period and a higher mass transfer rate.
The approximate time evolution according to Eq. (15), with A and B c evaluated from the full sequence at the postoutburst position, marked with a filled diamond, is shown as a dotted curve and matches the full sequence very well. The dash-dotted line in Figs. 9 & 10 indicates the level of the 'local' stationary conservative mass transfer rate as given by Eq. (13) with ζR = ζ c R . Note that there is a difference between this value and the mass transfer rate of a completely conservative evolution with the same initial values (but no outbursts) as the system here does not evolve conservatively on average but loses mass together with angular momentum. The averaged stationary mass transfer rate which includes FAML with ζ F R according to Eq. (21) is shown as a dashed line. This value is identical to the mass transfer rate calculated in the averaged mode and to the time average of the full evolution. The system approaches the conservative value between outbursts and oscillates around the average transfer rate.
Note that if, beginning with negligible FAML, the strength of FAML is continuously increased, the outburst amplitudes will decrease until the stationary (local) conservative transfer rate and the continuous wind average (which grows with FAML) are equal. Further increase of FAML will now lead to growing amplitudes, but with opposite signs. Fig. 11 compares the continuous wind average evolution for a reference system (M1 = 1.2 M⊙; M2 = 1.0 M⊙ at turnon; η = 0) with strong FAML and without FAML, computed with full stellar models. As expected from Fig. 8 the mass transfer rate with FAML is significantly larger than in the case without only at long periods, where the system is close to (but not beyond) thermal instability. Due to the higher mass transfer rate the secondary in the FAML sequence is driven further out of thermal equlibrium and therfore larger at the upper edge of the period gap. At the same time the secondary's mass is smaller upon entering the detached phase. Both effects, well-known from systematic studies of CV evolution (e.g. Kolb & Ritter 1992) , cause a wider period gap by both increasing the period at the upper edge and decreasing the period at the lower edge of the gap.
Long-term evolution with FAML
The analytical considerations of Sect. 3.3 are confirmed by a parameter study performed with the bipolytrope code. The evolutionary sequences with all outbursts resolved depicted in Fig. 12 summarize the results. The reference system is shown in the left column, a less massive system in the right column. The strength of FAML increases from top to bottom, with consequences for the outburst amplitudes as discussed in Sect. 3.2 and in the previous subsection. Note that the 'sawtooths' here do not represent single outburst cycles, but arise because we connect the pre-and postoutburst values for every n th (n = 1000 or 100) outburst only. The advantage of this display method is that both magnitude and sign of the outburst amplitude (the vertical flanks) can be followed through the evolution. In reality the system undergoes many individual cycles like those in Figs. 9 & 10 between subsequent outbursts depicted in Fig. 12 . The two evolutionary tracks plotted in each panel differ only in the ignition mass ∆Mig (here = ∆Mej). The thick line corresponds to ∆Mig = 5 × 10 −6 M⊙, the thin line to ∆Mig = 10 −4 M⊙. In the scale used the low ignition mass sequences are practically indistinguishable from the continuous wind average evolution (remember that both oscillate around the same average value, cf. Sect. 4.5). Inspection of Fig. 6 shows that the growth of amplitudes towards shortest periods is mainly due to the increase of q. Only in the high FAML (low vexp) case, i.e. in the very steep region of Eq. (41), there is an additional contribution from the increasing orbital velocity (hence decreasing K1) at short P .
FAML-induced instability
To illustrate and test the analytical mass transfer stability considerations of Sects. 2.3 and 2.4 explicitly we consider the secular evolution of a system which runs into an instability, i.e. violates the formal stability criterion (22) at some point of the evolution.
To establish this situation we artificially increase the strength of FAML along a fully resolved evolutionary sequence (computed with the bipoltrope code, with constant ∆Mig = ∆Mej = 10 −4 M⊙), starting from a small value at the onset of mass transfer. As a consequence ζ F R becomes larger than ζ ad at some intermediate secondary mass. In particular, we adopt
as the functional form of the envelope expansion velocity. (M2 will be large enough to avoid negative vexp). The corresponding ζ F R with νFAML from (43) becomes larger than ζ ad at M2 ≃ 0.55 M⊙, and the mass transfer rate indeed begins to grow without limit at about this mass well above the period gap (Fig. 13) . A closer look at the final phase immediately before the runaway (Fig. 14) shows that the system evolves beyond the formally unstable point apparently unaffected and enters the runaway mass transfer phase only ≃ 10 6 yr later. In fact this is just as we would expect if the evolution were replaced by the corresponding continuous wind average. In this case (10) with B = B F describes the variation of the (average) mass transfer rate X. The characteristic timescale on which X changes is X/Ẋ = 1/(A − B F X), which becomes very large when B F ≃ 0, i.e. around ζ ad = ζ F R at the instability point; note that A is also small at this point, see (30). Proceeding further increases the strength of FAML even more and makes B F more negative, hence the timescale |X/Ẋ | progressively shorter. The time delay until the runaway finally begins is Figure 13 . Fully resolved secular evolution of a CV with M 1 = 0.8 M ⊙ and M 2 = 0.7 M ⊙ at turn-on, computed with the bipolytrope code including FAML based on (50) and ∆M ig = ∆M ej = 10 −4 M ⊙ . For log(P/h) > 0.67 every 100 th outburst is shown, for log(P/h) < 0.67 every outburst.
essentially determined by the crossing angle between the functions ζ ad (M2) and ζ F R (M2) and the value of X at this point. Figure 15 shows the growth function F defined in (27) for selected models immediately before the runaway for the evolutionary sequence depicted in Fig. 14 . The different curves are computed with data from the run taken at the times as labelled (cf. Fig. 14) . As discussed in Sect. 2.4 the change of F from a stable curve with negative slope to an unstable curve with positive slope occurs when ζ ad = ζ F R . The sequence shown in Figs 13-15 is typical of the behaviour of evolutionary sequences with nova cycles and very strong FAML. It convincingly demonstrates that the FAMLamplified istropic wind average properly describes the effect of a sequence of nova outbursts, even in the most extreme case when the system approaches a FAML-induced instability. A more systematic investigation of the significance of this instability for the secular evolution of CVs will be published elsewhere (Kolb et al., in preparation) .
Evolution with FAML parameters from theoretical nova models
The FAML parameters K1, ∆Mej and ∆Mig are certainly not constant along the evolution but depend on the actual state of the outbursting system. The three governing parameters which crucially determine the outburst characteristics of thermonuclear runaway (TNR) models for classical novae are the WD mass M1, the (mean) accretion rate X and the WD temperature T1 (e.g. Shara 1989 ). Both the mass and the temperature of the WD change only slowly during the binary evolution, thus the dominant dependence of vexp is from the (mean) mass transfer rate. As FAML Figure 14 . Evolution of the mass transfer rate X with time during the final phase (approximately 2 million years) before the runaway (dotted, filling the grey-shaded area). Overplotted in full linestyle is the stationary value X F s = A/B F for a continuous FAML-increased mass loss, indicating an instability at ≃ 12.1 Myr.
itself drives the mass transfer this could lead to an interesting feedback and possibly self-amplification in the system, a question considered in a separate paper (Kolb et al., in preparation) .
Although published TNR models mostly give values for ∆Mig and estimates for ∆Mej, few or no data are available on K1. Unfortunately this is also true for the most complete and consistent set of published nova models (Prialnik & Kovetz 1995) which we chose to use as input to the FAML description derived in Sect. 3.1.
These authors tabulate only the average expansion velocity vav, the time average of the maximum velocity in the flow during the whole mass loss phase. In the absence of more relevant velocity data we simply set vexp = vav, but we are aware that this choice represents an upper limit for vexp (which has to be taken at the secondary's position). Two exemplary relations vexp(X) are shown in Fig. 16 , for a low and a high mass WD, complemented by large values (10 5 km/sec, hence negligible FAML) when no envelope ejection was found in the hydrodynamical simulations.
The evolutionary sequences obtained with M1 = 1.2M⊙ (using the velocity data for nova models with a 1.25 M⊙ WD) and with M1 = 0.65 M⊙ are shown in Figs. 17 & 18. The changes of M1 during the whole evolution are very small (η ≃ 0). As in Fig. 12 the 'sawtooths' result from connecting only every n th outburst. For comparison a standard continuous wind average evolution without FAML but otherwise identical parameters has been overlaid in thick linestyle. As expected from the high expansion velocities FAML has very little effect on the global evolution. By choice we underestimated the strength of FAML in the sequences shown above. But although the expansion velocity at the location of the secondary is indeed smaller than vav in the models by Prialnik & Kovetz (1995) they currently appear to be too large to cause a FAML effect with significance for the long-term evolution of CVs (cf. also discussion in next section).
Perhaps the most interesting feature of the sequences presented in this paragraph is the large outburst amplitude of the mass transfer rate in low-mass WD (0.65M⊙) systems below the period gap. The reason for this lies mainly in the fact that ∆Mej and ∆Mig to a first approximation scale like R 4 1 /M1 (Fujimoto 1982 , R1 is the WD radius), i.e. increase with decreasing WD mass (and to a lesser extent, increase with decreasing X). Moreover the slow but continuous decrease of the WD mass leads to a further increase of the outburst amplitudes towards shorter orbital period in this sequence (Fig. 18) . Note that this effect adds to the ones observed before (lowermost panels of Fig. 12 ) which were caused by the change of q due to decreasing M2, and to a lesser extent to the slowly increasing orbital velocity vsec, mimicing increasing FAML strength.
Such amplitudes account for a non-negligible time interval with a secular mean mass transfer rate significantly below the continuous wind average transfer rate, i.e. below ≃ 5 × 10 −11 M⊙/yr, the typical value for non-degenerate CVs below the period gap driven by gravitational radiation alone. As an example Fig. 19 plots for a model at P = 1.23 h from the sequence shown in Fig. 18 the time spent with a mass transfer rate below a value X, as a function of X. One nova cycle lasts ≃ 6.5 Myr, and the mass transfer rate remains for 0.5 Myr after the outburst below 10 −11 M⊙/yr. Intrinsically, these CVs with low-mass and moderate-mass WDs form the vast majority (e.g. de Kool 1992 , Politano 1996 . Thus, ignoring selection effects, we would expect to observe 1 out of 10-20 short-period CVs with small sub-GR driven mass transfer rate.
This seems to offer an alternative explanation for the low mass transfer rate Sproats et al. (1996) claim to find observationally in so-called tremendous outburst amplitude dwarf novae (TOADs) which Howell et al. (1997) interpret as post minimum period systems. As the secular mean mass transfer rate is predicted to drop substantially ( < ∼ 10 −12 − 10 −11 M⊙/yr) CVs which have evolved past the minimum period would be even fainter than the above post-outburst CVs, and it is unclear if they are detectable at all.
We note that at least 4 objects in the list of Sproats et al. (1996) Leo (0.0708 d, 1918) and SS LMi (no period known; 1980). With exception of SS LMi they are now firmly considered to be dwarf novae. This does not exclude a priori that the first recorded outburst (e.g. in 1907 for VY Aqr) or even earlier ones were actually novae. Hence it is at least conceivable that the present low mass transfer rate and the TOAD characteristics might be a consequence of this last nova event. The three systems with known orbital period are located at the extreme end of Fig. 4 of Sproats et al. (1996) , showing large outburst amplitude and low quiescence magnitude. Moreover, among the open square symbols indicating DNe in their Fig. 3 they are also those with lowest period and absolute magnitude in quiescence (mass transfer rate ≪ 10 −11 M⊙/yr). The fact that the claimed deviation from the secular mean magnitude is shrinking with the time elapsed since the potential nova outburst (1961 -1918 -1907 ) is probably just a coincidence.
We caution that it is difficult to decide if the set of models by Prialnik & Kovetz (1995) properly describes classical nova outbursts on WDs in CVs below the period gap. Observationally, only 4 out of 28 classical novae with determined orbital period are below the gap (e.g. . This is in conflict with standard population models of CVs if the Prialnik & Kovetz (1995) ignition masses are used to predict an observable period distribution for novae (Kolb 1995) .
DISCUSSION AND CONCLUSIONS
In this paper we considered the effects of nova outbursts on the secular evolution of CVs. As a result of these outbursts the secular mean mass transfer rate and the orbital period are not continuous functions of time but change essentially discontinuously with every nova outburst by an amount proportional to the ejected envelope mass. In addition, energy and angular momentum can be removed from the orbit due to dynamical friction of the secondary orbiting in the expanding nova envelope.
The discontinuous evolution with a given strength of frictional angular momentum loss (FAML) is usually replaced by the corresponding continuous wind average evolution, where the mass and angular momentum loss associated with a nova outburst is assumed to be distributed over the inter-outburst time and to form an isotropic wind from the white dwarf. We showed analytically that the well-known mass transfer stability criterion for the latter case can also be derived from a proper analysis of the real, discontinuous process, for an arbitrary strength of FAML-amplification.
We specified a quantitative model for FAML within the framework of Bondi-Hoyle accretion following Livio et al. (1991) . In this model the strength of FAML depends crucially on the expansion velocity vexp of the envelope at the location of the secondary, being the stronger the smaller vexp is. We expect that the resulting simple one-parameter description properly describes the order of magnitude of the FAML effect and, more importantly, the differential dependences on fundamental binary parameters. Hence although it is a useful way to study the potential influence of FAML systematically, it certainly cannot replace a detailed modelling of the frictional processes.
Calculations of the long-term evolution of CVs verified the validity of the replacement of the discontinuous sequence of nova cycles with the continuous wind average, even for situations close to mass transfer instability, whatever the strength of FAML. The mass transfer rate in the continuous wind average evolution is FAML-amplified, i.e. by the factor (49) larger than the transfer rate driven by systemic angular momentum losses alone. For a given CV this factor is determined by K1 alone, i.e. independent of the ejection mass. We emphasize that FAML only amplifies the transfer rate caused by systemic losses, it does not add to them. Hence FAML is a particular example of consequential angular momentum losses (CAML) investigated in detail by .
In general, the FAML amplification factor turns out to be large only when the envelope expansion is very slow (K1 < ∼ 0.5, i.e. vexp < ∼ 200 km/s) and when the system is already close to thermal mass transfer instability (Fig.8) . This latter condition means that e.g. for an evolution with strong FAML K1 = 0.1 = const. the averaged mass transfer rate is significantly affected only at long orbital period, P > ∼ 5 h.
The magnitude and direction of the outburst amplitudes of the mass transfer rate X and the orbital period P depend on both the ejection mass ∆Mej and the FAML parameter K1. For weak (or negligible) FAML the outbursts are towards lower mass transfer rate and longer orbital period, for strong FAML towards larger X and shorter P . There is an intermediate regime where the outburst amplitudes essentially disappear.
Theoretical models for nova outbursts generally find larger expansion velocities (e.g. Prialnik 1986 , Prialnik & Kovetz 1995 , typically K1 > ∼ 1. This is certainly true for the terminal velocities, but in more recent models probably also for the crucial velocity at the secondary's location, i.e. closer to the WD. Kato & Hachisu (1994) argue that in the wind mass loss phase of a nova outburst the main acceleration (at about the sonic point) takes place at a temperature where the opacity has a maximum. Thus the introduction of the OPAL opacities had the effect of moving this point closer to the WD. A comparison of the radial velocity profiles found by Kato & Hachisu (1994) with those obtained previously (e.g. Prialnik 1986 , Kato 1983 ) confirms this. As a result, in the newer models the velocities at the location of the secondary are already quite close to their terminal values. This explains why Kato & Hachisu (1994) find only marginal effects from dynamical friction.
This seems to suggest that the overall influence of FAML on the long-term evolution of CVs is small. However, in view of the considerable simplifications of our FAML description and the uncertainties of theoretical TNR models for nova outbursts, it is worthwhile to investigate sytematically mass transfer stability with FAML, and to consider the role of a feedback between outburst characteristics (hence FAML strength) and the mean mass transfer rate prior to the outburst. We will study this in a forthcoming paper (Kolb et al., in preparation) .
To illustrate further the effect FAML might have on the secular evolution of CVs we have calculated evolutionary sequences with envelope expansion velocities, ignition and ejection masses taken from the extended set of nova models by Prialnik & Kovetz (1995) . As expected, the continuous wind average evolution hardly differs from the standard CV evolution without FAML. As a consequence of the large ejection mass (several ≃ 10 −4 M⊙/yr) the outburst amplitudes become very large (a factor > ∼ 10) below the period gap for intermediate mass WDs (M1 ≃ 0.6M⊙) -even more so as the outburst-induced decrease of the mass transfer is largest if FAML vanishes.
Such systems have a mass transfer rate less than 10 −11 M⊙/yr for ≃ 0.5 Myr after the outburst, and could account for intrinsically faint CVs below the period gap. We speculated (Sect. 4.5) if TOADs (e.g. Sproats et al. 1996) could represent such systems.
We finally note that the apparent scatter in observationally derived values for the mass transfer rate of CVs with comparable orbital period, well-known since the review of Patterson (1984) , is unlikely to be due to outburst amplitudes. First, we expect from Fig. 17 that these amplitudes are small or negligible above the period gap, and second the systems spend most of the time close to the continuous wind average mass transfer rate (cf. Fig. 19) . A more promising explanation for this scatter assumes mass transfer cycles which could be irradiation-induced (e.g. King et al. , 1996 .
